I. INTRODUCTION
Promising incorporations of carbon nanotubes (CNT) networks have been demonstrated in devices used in a broad range of applications going from simple filtration agent to purify biological samples to transparent and conductive component in touch screen displays. 1 However, the construction of devices in which an accurate control of the structural, chemical and electronic properties of the CNT networks still needs a significant amount of technical progress to reach the market. A crucial factor that directs the overall properties of CNT network is related to the assembly structure where the diameter (D), length (L), chirality, and shape of the constituents have a drastic influence. Variation of these structural properties has also a major impact on two physical properties that are especially targeted for functional applications, which are the transparency and the conductivity of the network. 1, 2 Moreover, these two properties strongly depends on the CNT density in the network or in other words on the number of nanotubes per unit of volume. Hence, even the ability of characterizing very basic physical properties such as the CNT density appears of primary importance for technological development.
In order to guide experimental works in developing high performance devices, the more straightforward approach is to use theoretical tools and simulations. Several efforts have been dedicated to study the influence of structural properties of CNT on the electron transport properties of disordered [3] [4] [5] [6] and partly aligned 5, [7] [8] [9] [10] CNT networks. While most of these studies conclude that the higher is the aspect (L/D) ratio the lower is the percolation threshold for charge transport, the predicted critical CNT density for percolation also depends on several other physical and structural properties of the assembly. 11 Nevertheless, we are forced to say, that most charge transport simulations can reproduce the experimental critical CNT density, but essentially by fixing the nanotubenanotube junction resistance to a more or less realistic value. 11 A more rigorous approach to reproduce experimental conditions would have been to improve the CNT network model, more specifically by considering that nanotubes are not totally straight and rigid objects and that they are not interpenetrating each other. In brief, carbon nanotubes can be flexible nanostructures sometimes described by a waviness or curliness ratio but they are invariably solid objects separated in space. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] Due to their small cross section compared to their total length, CNT may curve to various degrees and affect the CNT connectivity within the network. 15 Waviness remains a difficult parameter to study experimentally because the presence of curved CNT drastically depends on the experimental conditions used for the CNT growth. 25 In contrast, the wavy nature of CNT has been computationally investigated at different occasions but rarely with an atomistic precision. [12] [13] [14] [15] [16] [17] [18] The more usual method to model waviness is by connecting a series of straight segments that form an object and by defining a wave angle between segments. Previous works have modelled flexible CNT made of up to 20 segments, but it appears that 10 segments would be enough to give an appropriate description of waviness. 17 The description of waviness is generally based on two parameters that are the wave or curl ratio and the angle between fragments of a single CNT. The wave ratio, k ¼ L CNT /L eff , is defined by the total length (L CNT ) of the CNT divided by the effective length (L eff ), which is the distance between the nanotube ends. 13 The maximal angle between straight segments, c max , is always used, 17, 18, 22 but the angle dispersion width between consecutive segments can also be used. 15 Both parameters assume a uniform distribution of orientation between segments within the angle limits. The most drastic effect of CNT waviness remains the shift of the charge percolation threshold. For disordered networks of small CNT, the more wavy are the nanotubes, the higher is the percolation threshold. Hence, the electrical conductivity (r) can decrease by an order of magnitude when c max varies from 0 to 180 . 17 The relation between conductivity and wave ratio follows the power law r / k Às , where the reported values for s are 2.2-2.6 for 2D networks and 1.7-2.0 for three-dimensional (3D) networks. 13, 18 In contrast, it was recently shown that waviness of CNT in well-aligned networks could also be beneficial by favouring the connectivity between nanotubes. 26 The possibility that nanotubes interpenetrate each other within a network is physically unrealistic and more especially for 3D models from which we evaluate crucial parameters such as the critical volume, the nanotube density, or even more simply the thickness of the CNT film. In reality, the minimal distance between nanotubes in the network should be about the interlayer distance measured in graphite, that is $3.4 Å . 27 A popular method used to tackle the non-interpenetration of CNT is called Hard-Core Soft-Shell (HCSS), 28, 29 where the simulated elements have a hardcore representing the non-penetrable CNT and a soft-shell representing the tunnel contact length. The radius of the soft shell is an important factor for the percolation and conductivity of the networks and is generally represented by the ratio of hard-core to soft-shell radii, t. Different strategies have been proposed to implement the HCSS method, among them, the random sequential addition (RSA), 19 the relaxed random sequential addition, 20, 21 and the droppingshaking 30 approaches have been already used. The RSA technique remains the most simple to implement and the most widely used, but it does not generate networks at equilibrium and does not reliably reproduce experimental network structures. 20 For small aspect ratio, the percolation threshold / c (the critical volume fraction) is lowered for high values of t, the hard-core to soft-shell ratio. 19 However, this effect decreases as the aspect ratio of straight or wavy CNT increases 12, 19 and becomes nearly negligible for the aspect ratio higher than 200. 22 Soft-core models are often quite viable because they better approximate the behaviour of flexible CNT crossing each other. 24 The aim of the present study is to evaluate the influence of solid and wavy CNT on the electrical properties of 3D networks and to improve the accuracy of estimated properties that are related to the assembly structure such as the critical volume or the CNT density. We have used a MonteCarlo (MC) approach to build nanoscale CNT networks, in which the input parameters are statistical distributions of length (L), diameter (D), alignment orientation (h), and contact resistance (R). We have previously shown that electrical properties of a simple 2D network depend strongly on the statistical distribution of length, diameter, and orientation but weakly depend on the distribution of nanotube-nanotube junction resistance. 11 Here, we are extending our previous description of charge percolation to 3D, and we are exploring the effects of various degrees of nanotubes interpenetration and nanotube waviness on the electrical properties on disordered networks. In Section II, we describe our simulation procedure in detail. In Subsection III A, we report and discuss the effects of varying the hard-core radius value on networks of different sizes. Then, we explain the influence of various degrees of waviness on the electrical properties of the networks in Subsection III B.
II. COMPUTATIONAL METHODOLOGY
The details of the algorithm developed to generate disordered or ordered CNT networks were described elsewhere, 11 and we shall limit the present discussion to the more specific elements needed to build realistic 3D networks. The metallic electrodes are located at the extremities of the CNT volume generated, where the length and the positions of the electrodes are fixing the size of the simulation domain. We considered the two network configurations shown in Figure 1 (a), where the electrodes were located in a side-by-side and a top-down positions.
First, a series of attributes (radius, length, hard-core parameter, and orientation) associated to a spherocylinder that represents a nanotube is generated from given statistical distributions. We used a uniform square grid to define the space limiting the CNT network, in which each grid cell corresponds to an elevated prism where no periodic boundaries were applied. The lateral dimension of a grid cell is about the length of a nanotube while its height depends of the thickness (Z) of the network. The grid has no physical meaning, we use it to facilitate the enumeration of contacts between nanotubes. Then, this nanotube is positioned at random coordinates in the defined network space. The nanotube can be assigned, according to its coordinates, to a maximum of four adjacent cells. Searching for contacts between nanotubes is made easier, since only the neighbouring objects that share a same grid cell have to be tested for contact. Figure 1 (b) gives a simplified representation of the general procedure used to identify the contacts between nanotubes. First, tube 1 is generated and assigned to the three cells A, B, and D. A second tube is generated, tube 2, and is assigned to cells A and C. Then, a first contact test is performed between tubes 1 and 2 since they share cell A, and returns a negative contact. When tube 3 is added, the contact test is only performed between tubes 3 and 1. Finally, for tube 4, the contact test is carried out between tube 4 and tube 1 in cell D (negative) and between tube 4 and tube 2 in cell C (positive). The positive contact test between tubes 4 and 2 is then registered and stored in the so-called conductance matrix. 11 If an additional nanotube is generated in cell C, then multiple contact tests will be performed between this new nanotube and all the nanotubes contained in that cell C. A similar space partition scheme was already used for collision problems and was shown to drastically reduce the number of necessary tests between objects. 31 As mentioned above, a more realistic network model should avoid mutual interpenetration of objects. We consider that CNT interpenetrate or form an unrealistic contact when they are closer than the sum of their core radius. It should be clear that the distance between two objects is defined by the shortest length between any pair of two points belonging to the core of each object. In order to quantify the influence of CNT interpenetration, we have defined the hard-core parameter t that relates the ratio of the size of the hard-core object, which corresponds to the inner impenetrable part of the nanotube to the soft-core object that is the total radius of the nanotube. A representation of the hard-core and soft-core characteristics along with the parameter t is shown in Figure  2 (a). The procedure to control interpenetration of nanotubes is twofold: (1) along the detection of contacts between the new and the previously generated objects, identify the unrealistic contacts, then (2) slightly move the new object in order for the inner core of the CNT to be tangent to the previous one. Although it would have been even more realistic to use a minimal distance between CNT such as the interlayer distance in graphite ($ 3.35 Å ), our simplifications of the contact model have nearly no influence on the final conclusions. In addition, we could have modulated the contact resistance along the tube-tube distance but since we fix the value of t, that distance is roughly the same from a junction to other. We have previously shown that where a statistical distribution of resistance is centred is more important than the type of distribution (Gaussian, Lorentzian, rectangular), 11 then our assumption of a single resistance value is reasonable. To be more specific, the new nanotube object is slightly displaced along the shortest distance axis of the original contact. For the rare cases where such displacement was impossible, due for example, to network edges constraints, the object was randomly regenerated and the procedure was restarted. This algorithm is conceptually close to the relaxed RSA approach mentioned above, and it has the main advantage of introducing a degree of adaptation in the flexible character of CNT. Nevertheless, since such sequential process considers one contact at the time, it is not guaranteed that the generated network will be free of unrealistic contacts when going through the list of contact only once. To obtain a better realistic network, it is generally necessary to self-consistently repeat the contact detection step to correct the entire CNT positions. However, in order to reduce the computation time needed for large CNT networks, a maximum number of iterations is imposed. This implies that the network could not be rigorously realistic, but in practice, the proportion of unrealistic contacts can be monitored and kept small enough to minimize their influence on the final results.
For networks containing flexible nanotubes, the wavy nanotubes were created following the segment approach described above where each nanotube is fragmented into 10 smaller spherocylinders. 17 An illustration of structural parameters used in the creation of wavy nanotubes is described in Figure 3 (a). We generated the 10 segments of the nanotube with a contact detection step after the addition of every segments. The polar angle c between two adjacent segments was sampled from a chosen stochastic distribution while the azimuthal angle a was sampled from an even distribution between 0 and 2p. Once those relative angles were identified, they were subsequently adapted to the network referential by projection, and the coordinates of the segment extremities were determined.
Unless otherwise specified, the dimensions of the CNT networks are 1000 nm Â 1000 nm Â Z, where the thickness value Z is variable. Straight CNT are 100 nm long and have a total radius of 4 nm, which leads to a relatively low aspect ratio of 12.5. Focusing on low aspect ratio objects offers the main advantage of clearly revealing the influence of hard-core/soft-shell ratio and waviness of CNT in random networks. In order to reduce the computing time and to better describe the structural effects, we mainly considered networks with a relatively low CNT density of $1.5 Â 10
À5
CNT/nm 3 . The results are presented for a constant CNT density rather than a constant volume fraction, since an accurate evaluation of this last quantity remains computationally prohibitive at the moment for large disordered nanotubes networks with variable degrees of penetration. In return, the CNT density remains one of the more easily controlled parameters in the production of CNT networks. The hard-core parameter t associated to the size of the inner non-penetrable core of the nanotubes was varied from 0 to 1, where t ¼ 0 means that nanotubes are totally penetrable (100% soft-core) and t ¼ 1 means that CNT are completely impenetrable (100% hard-core). Examples of CNT networks generated with different values for t are shown in Figures 2(b) and 2(c) . The same dimensions are used for flexible CNT except that the total length is divided into 10 equal segments. We chose 10 segments to compromise between accuracy and needs in computational resources. 17 The angles c between two successive CNT fragments were obtained using the formula
where c is a random number and c max is the maximal polar angle or simply sampled from a predefined stochastic distribution. This means that angles are randomly chosen between 0 and c max in radian, within a normalized distribution. Examples of CNT networks generated with c ¼ 45 and different values of t are shown in Figures 3(b) and 3(c) .
Once the CNT networks are built, along with the conductance matrix G, in which a specific resistance is attributed to each nanotube contact, we evaluate the electrical properties of the networks as previously described. 11 We assume ballistic transport into individual carbon nanotubes, so we considered that the electron transport in CNT network is dominated by the tube-tube junction resistances. 32 According to our previous works, we have fixed the tubetube contact resistance to 1 MX for the networks investigated in the present study. We compute the total network conductance by solving the Ohm equation, I ¼ GV, using a modified nodal analysis and a predefined electrode potential. To solve this resistance network, we use Kirchoff's laws and a finite element approach proposed by Li et al. 33 that was adapted from classical methods. 34 Each data point represents an average value obtained from at least 10 6 MC iterations.
III. RESULTS AND DISCUSSION

A. Influence of interpenetration of carbon nanotubes
In this first section, we are evaluating the influence of nanotubes interpenetration on the structural and electrical properties of CNT networks. Figure 4 (a) compares the conductivities of different disordered CNT networks as a function of their thickness and where the hard-core parameter t has been varied from 0% to 80%. The conductivity of the networks increases very rapidly at low thickness indicating that the percolation threshold is relatively low and is reached with a very small amount of CNT in the network. We will rather focus our attention on the electrical conductivity at high thickness, well above the percolation threshold, where a clear increase is observed with the hard-core parameter t. For small values of t, the amount of numerical noise is more apparent on the conductivity. The dependence on Z could oscillate between hard-core (t ¼ 100%) and soft-shell (t ¼ 0%) networks for statistical reasons: in the absence of crossing cores, CNT with a very low hard-core radius could potentially give networks equivalent to soft-shell networks, while the presence of crossed cores leads to networks that are better connected. Nevertheless, the conductivity of networks with small t always remains above the soft-shell conductivity limit. Furthermore, Figure 4(b) shows that for a 500 nm thick film the conductivity sharply increases when t increases from 0% to 20% and that the increase is less pronounced for t > 20%. This result clearly shows that the interpenetration of CNT has a dramatic effect, since the conductivity of the networks increases by more than 5 orders of magnitude when the hard-core/soft-shell ratio (t) increases from 0% to 80%. According to the approach used to generate the networks, this clearly indicates that an increasing value of t improves the connectivity between CNT in the network. In other words, for a same number of CNTs, the percolation threshold drops as t increases. Hence, farther past the threshold, the network has higher conductivity.
In contrast to the RSA approach to generate CNT networks where a random nanotube has to strictly fit into an available volume, our approach is rather attempting to displace the nanotube generated with respect to the available volume and hard-core parameter t. For the case of RSA networks, it was very difficult to stochastically generate realistic thin networks since the constraints on the volume are too rigid to generate high CNT density networks. 35 However, our algorithm allows CNT to partially move from the zone where it was generated. Therefore, having a hard-core volume effectively leads CNT to repel each other, and one consequence of our approach is a better filling of the network space (see Figure 2 ). For a given thickness, the overall CNT density is the same from soft-shell to hard-core networks, but there are less empty zones in hard-core networks. The larger the value of t, the more the CNT are in contact. This leads to a higher conductivity for a higher value of t, as seen in Figure 4 .
A similar picture can be drawn from Figure 5 (a) that gives the variation of the critical volume for percolation as a function of the CNT network thickness. For most of the curves, the critical volume fraction slightly increases for very thin networks before reaching a maximum around 50-80 nm and then invariably decreases for thicker networks. The first ascendant part of the curves correspond to an increasing number of nanotubes needed to establish a percolation path within a network where the thickness is lower than the length of a single nanotube. This simply means that a fraction of the nanotube orientations is weakly represented in thin network layer, and more constrained nanotubes are needed to reach the percolation threshold. For CNT networks with a thickness larger than 100 nm, the nanotubes can virtually be in any orientation. Curves of the CNT networks with t < 5% in Figure 5 (a) are essentially superposed. This can be easily explained by the fact that the volume occupied by the total amount of nanotubes is changing very slowly at low t. To visualize that, we have calculated in Figure 5 (b) (solid line) the fraction of volume that becomes free from a perfect nanotube intersection as the parameter t is increasing. This free volume corresponds to the streaked area in circles of the inset of Figure 5 (b). As mentioned, the variation of the free volume at low t is less important than at higher t and induces the weak variations observed for the critical volume fraction in Figure 5 (a) when t < 5%. For networks with t > 5%, the critical volume of percolation gradually decreases when t increases. In other words, the necessary amount of nanotubes to create a percolation path is decreasing with t. This result supports our previous description of trends observed in Figure 4 where a higher conductivity was explained by a higher connectivity between nanotubes. Here, a lower percolation threshold is reached for higher t because the carbon nanotubes within the networks are better connected.
The trends observed for top-down networks are somehow drastically different from those observed for side-byside networks described above but the two series of results are totally consistent in terms of physical properties. The results for the electrical conductivity are reported in Figure  6 (a), where we also have included the values at saturation (dotted lines) for the side-by-side geometry for reference. In contrast to the side-by-side geometry for which we discussed the results in terms of thickness of the network, it sounds more rigorous to discuss the results of top-down networks in terms of channel length (Z) which in fact is the thickness of the CNT layer separating the two electrodes. Hence, as the distance between top and down electrodes is varied, we can expect a maximal conductivity for very short networks where most of the CNTs are bridging the two electrodes. Then, as the channel length increases, the number of CNT that can directly bridge the electrodes decreases, and the decreasing electrical conduction has to be carried out by clusters of interconnected CNT. In order to avoid such structural effect, Figure 6 (a) shows CNT networks with a channel length larger than the nanotube length, that isZ > 100 nm.
As a general trend in Figure 6 (a), we observed a regular decrease in conductivity as a function of the channel length, and the magnitude of that decrease is proportional to the soft-shell character of the nanotubes in the network. Most nanotubes in thin films (smallZ) are highly connected and give high conductivity. As the channel length increases, the volume containing the nanotubes increases, and hence the connectivity and the electrical conductivity decrease. This effect is more dramatic for soft-shell (t ¼ 0%) networks where the absence of displacements to control the nanotubes interpenetration considerably decreases their connectivities. In contrast, the hard-core networks (t > 40%) curves reach the behaviour of the side-by-side networks more rapidly, at relatively low channel length because the CNT remain highly connected. At relatively large channel lengthZ, the conductivity of top-down networks converges to the values previously calculated for the side-by-side geometry with a same hard-core parameter. This means the top-down networks lead to a similar behaviour than the curve reported in Figure 4 (b) where the conductivity was shown proportional to the hard-core parameter t. The electrical conductivity asymptotes correspond to the saturated conductivity of random CNT networks.
Nevertheless, when we report the channel length at which the top-down network reaches a magnitude of conductivity similar to the side-by-side network as a function of the hard-core parameter t (see Figure 6 (b)), we observe the exact inverse trend described in Figure 4 (b): a sharp decrease for low hard-core parameter values, followed by a moderate but continuous decrease for t > 20%. We believe that this behaviour can be explained by a structural effect since for the sideby-side networks; we gradually increase the nanotubeelectrode contact area (1 lm Â Z) while the channel length was maintained constant (1 lm). For the top-down geometry, we rather maintain the nanotube-electrode contact area constant (1 lm Â 1 lm) while we gradually increase the channel length (Z). It remains clear that soft-shell network models would predict lower conductivity or larger channel length than hard-core networks for a similar nanotube density. This can be explained by the same reason than for side-by-side geometry: the nanotubes in hard-core networks occupy more efficiently the volume of the CNT, and this improves the connectivity between nanotubes.
B. Influence of waviness in carbon nanotube networks
The behaviour of percolation and conductivity is somewhat different for curved nanotubes. Figure 7 compares the influence of waviness for two different networks with a hardcore parameter of t ¼ 0% and t ¼ 80% for which we considered an increasing angle (c) between consecutive segments of a nanotube where c was sampled from a random distribution defined over [0, c max ]. A very first observation clearly indicates that the influence of waviness appears much less significant on the final conductivity than the effect of interpenetration of nanotubes; the overall conductivity increases by at least five orders of magnitude from soft-shell (t ¼ 0%) to hard-core (t ¼ 80%) networks. As previously shown by Berhan and Sastry, the effect of the hard-core parameter t on the conductivity becomes mostly dominant at low aspect ratio (L/D). 19 A similar trend is observed in the present case, although the total volume occupied by the CNT remains constant, an increasing parameter t contributes to increase the connectivity between the CNT. For a given hard-core parameter t, we observe that an increasing angle c between nanotube segments provokes (1) a decrease in conductivity of the network by around an order of magnitude, and (2) an increase in thickness for a given conductivity. Similar behaviours have been observed in different studies where soft-shell nanotube networks were considered. 17, 36, 37 Furthermore, these previous studies do not strongly contrast with the present work regarding the influence of aspect ratio on the magnitude of conductivity variation, as conductivity is observed to decrease with CNT waviness by nearly the same magnitude for higher L/D ratio. Finally, the results obtained for t ¼ 80% networks indicate that the determination of the volume at the percolation threshold, which constitutes a central parameter for building TFT devices can hardly be determined from simulated networks where CNT are interpenetrating (t ¼ 0%).
In order to support our last statement on the difficulty of determining the percolation threshold of a thin layer of CNT, we fixed the thickness of a straight CNT layer to Z ¼ 200 nm, and we varied the density of CNT in that volume for various hard-core parameter t. The results are presented in Figure 8 where the volume occupied by the nanotubes (V(CNT)) corresponds simply to the sum of individual nanotube volumes, which do not take into account interpenetrating volumes. This can be a crude approximation for low aspect ratio systems where a low parameter t is used, but an accurate evaluation of the volume fraction remains quite challenging to be efficiently carried out for such large numerical problems. Although this could become critical for low aspect ratio systems, this is quite reasonable for CNT networks where nanotubes may have an aspect ratio > 1000. As explained above, nanotubes in networks with higher t are more connected, and hence the percolation threshold can vary by nearly two orders of magnitude in simulated networks where t varies from 0% to 100%. In this case, we can anticipate that an improved volume fraction evaluation would make the curves with low t more flattened due to our overestimation, and this would also make a study of critical exponent for percolation more difficult. In addition, we believe that this would contribute to bring the curves together and decrease the difference between percolation thresholds. Further works about the influence of the volume fraction on the percolation threshold have to be investigated to more adequately quantify the magnitude of the changes. In addition to this variation in the percolation threshold with the hard-core parameter t, the presence of curved nanotubes also contributes to influence the threshold. The influence of waviness of CNT would also contribute to alter the percolation threshold although it appears to be especially significant when the nanotubes in the network are partially aligned rather than randomly distributed. 38 We also need to mention that the magnitude of these fluctuations observed in our CNT networks should decrease for large aspect ratio where the overlapping volume would remain very weak with respect to the total volume of the network.
IV. CONCLUSIONS
We studied the effects of penetrable and curved carbon nanotubes on the electrical properties of disordered networks. By considering CNT as solid objects through a hardcore parameter t that defines the proportion of nanotube volume that is impenetrable, we showed that the conductivity can increase by at least six orders of magnitude when t varies from 0% to 80% for a given film thickness. The increase in conductivity with the hard-core parameter is caused by an increasing connectivity between CNT within the networks. This behaviour was observed for both side-byside and top-down geometry for the metal electrodes. The presence of curved CNT decreases the overall conductivity of a given network up to nearly an order of magnitude, while the necessary CNT thickness to reach a given conductivity increases. The results of our simulations clearly indicate that the electrical and optical properties of CNT networks, which are usually characterized by simple structural parameters such as the CNT density and film thickness strongly depend on the realism of the models. We also anticipate that both hard-core/soft-shell ratio and waviness will have an even more drastic effect on aligned networks where the overlap between CNT objects can be very high.
